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Equilibrium Enthalpy Profiles for the Incompressible

Turbulent Boundary Layer with Heat Transfer

IrwiN E. ALBER®
Northrop Corporate Laboratories, Hawthorne, Calif.

Doveras E. Coatst
Dynamac Science, Irvine, Calif.

Incompressible enthalpy profiles are calculated from the thermal energy equation for a
family of equilibrium (or similar) turbulent boundary layers subject to a prescribed pressure
gradient parameter 8r or wall temperature gradient parameter ar. The wall and wake eddy
conductivity constants are determined by a fit of calculated and measured constant pressure,

constant wall temperature enthalpy profiles.

It is shown that the Reynolds analogy pa-

rameter for heat transfer and the turbulent boundary layer enthalpy profiles are adequately
described by the analysis when wall pressure and temperature gradients are nonzero.

Nomenclature

B, B = empirical constants in the enthalpy and velocity law of
the wall, see Egs. (11) and (13)

C; = wall skin friction coefficient

Cr = qu/pushw — he), Stanton number

v = (Cy/2)

G =1, [(ue — u)/u+]%dy/A, Clauser shape parameter

h = static enthalpy

h: = —quw/pur, heat transfer enthalpy

H = total enthalpy

K, = outer layer constant for ¢

q = heat flux

Rs+ = Reynolds number based on §*

® = 2Cy/Cy, Reynolds analogy factor

S = (he — h)/h: enthalpy defect variable

u,v = components of fluid velocity in direction of increasing
z,y, respectively

Ur = (ru/p)12, friction velocity

z, = coordinates parallel and normal to flow direction

ar = pud*(dhw/dx)/qs, turbulent equilibrium wall enthalpy
parameter

Br = —pud*(du./dz)/rw, turbulent equilibrium pressure
gradient parameter

8* = displacement thickness

e, = eddy conductivity

& = )7t~ wpimay

x>, = velocity and enthalpy Karman constant, see Eqs. (11)
and (13)

7 = similarity variable y/A

v = kinematie viscosity

p = fluid density

T = ghear stress

Subscripts

( )e = boundary layer edge

( o= wall
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Superscripts
()" = differentiation with respect to g
( = averaged fluctuation quantity

Introduction

EVERAL experimentalistst,? have recently presented a
considerable amount of new data for heat transfer rates
and temperature distributions in supersonic and hypersonic
turbulent boundary layers. They conclude that the Crocco
relation, usually employed in many compressible methods,
provides a good approximation to actual femperature dis-
tributions only for the case of flat plate flows (dP/dx =~ 0).
Measured temperature distributions for nozzle wall boundary
layers with heat transfer were found to display large devia-
tions from the Crocco solution. It was noted that the
temperature distributions of boundary layers on nozzle walls
not only differ greatly from the Crocco solution but are not
representative of those measured for flat plates. It is there-
fore concluded that Crocco’s relation cannot be applied to
boundary layers with pressure gradients and heat transfer.

To gain some idea as to the manner in which high-speed
enthalpy profiles and heat transfer coefficients are affected by
pressure gradients, and wall temperature gradients; an analy-
sis using an appropriate eddy conductivity model is presented
below to determine the family of equilibrium (or similar)
enthalpy profiles for the more readily solvable case of turbu-
lent incompressible flow. We employ the approach that
Mellor and Gibson?® adopted in deducing the general family of
incompressible equilibrium velocity profiles. In Ref. 3,
equilibrium velocity profile solutions were obtfained in the
form

(e — W/u, = f'(m), 1 =y/A 1)

for flows where the pressure gradient parameter 8z = const.

By considering equilibrium flows, a simple closed form ex-
pression for the Reynolds analogy factor ® = 2Cx/C; [see
Eq. (16)] is derived herein by matching the enthalpy law of the
wall to the enthalpy defect solution. The effects of pressure
gradient and wall temperature gradient are easily deter-
mined by use of the tabulated constants of integration ob-
tained from the numerical solution of the energy equation.
In the present work it is not necessary to employ the ap-
proximations made in the previous analyses of Hudumoto* or
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Fig.1 Incompressible turbulent flat plate enthalpy profile
in law of the wall coordinates, Comparison of similarity
solutions (solid line) with data of Ref. 8.

Tetervin,® such as polynomial representations for = and ¢,
and the assumption of equal thermal and energy thicknesses.
In addition to the approximate analyses of Refs. 4 and 5 there
exist several finite difference computer codes in current use
which make it possible to calculate turbulent enthalpy pro-
files and heat transfer coefficients (given an expression for
¢ and e) for arbitary wall pressure and temperature distribu-
tions (e.g., Cebeci et al.® and Herring and Mellor”). How-
ever, the results from such calculations do not as readily lend
themselves to the broad interpretation that is provided by a
general family of equilibrium profiles. It is in this spirit of
providing more insight into the physical processes of turbu-
lent flows with heat transfer that the following analysis is
presented.

Boundary-Layer Equations

The boundary layer form of the energy equation may be
written as

udh/0z + vOh/dy = —(1/p)0gq/dy 2

with the turbulent heat flux, g, represented by an eddy
conductivity formulation,

g = p{v'h’) = ~pex(Oh/y) 3

The boundary conditions for Eq. (1) are taken to be the
following:

lim (h, — &) = 0 @
y—>c

Hm pes(dh/0Y) = —qu (5)

y—0-

The dissipation and pressure work terms are omitted from the
energy equation as it is assumed for low-speed flow that
('Y - 1)M92 < (hw - ha)/he-

- Following the formulation of Mellor and Gibson for the
turbulent eddy viscosity, the eddy conductivity distribution
is broken up into an outer layer diffusivity of the form, e =
Kiud* (outer layer), and an overlap or wall layer diffusivity
based on Prandtl’s mixing length theory, & = mc;.y2|bu/ oy
(overlap layer). The dividing point between the inner and
outer thermal layer is defined as the value of y where »y2/ou/
dy| = Kwu.bd* The constants for e, are to be based on a best
fit of calculated and measured flat plate enthalpy profiles.

Enthalpy Defect Solutions

Defect solutions of the energy equation, Eq. (2), are sought
of the form

(he = B)/he = 8(n), h:i = —gu/(Tup)}? 6)
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The % and v components of velocity are determined respec-
tively from Eq. (1) and the continuity equation, i.e.,

u=1u(l - f'y), vy=u/u )
v = —(n — fy)Adu./dx + u.fAdvy/dx —
uy(dA/dx)(nf’ — f) (8)

Substituting Eqs. (6-8) into Eq. (2) and defining a nondimen-
sional thermal diffusivity, ®» = e/u.6*, we obtain after

. algebraic manipulation, the governing ordinary differential

equation for the equilibrium enthalpy profiles:

lfa + (f = 2/7BIS" + (/v — eS8 = (BS)'  (9)
subject to the boundary conditions
imS =0, lim &S = — (10)
17—>oc q—)m

The coefficients a, b, and ¢, are defined as follows:
a= (A/v)dy/dx, b= (1/u.)(d/dx)(u.d)
= (A/ywdy/dz, v = h:/h,

Melor and Gibson have derived expressions for @ and b in
terms of v and Br by making use of the integral momentum
equation and the following local friction law:

1/vy = (1/%) In(Au,/v) + A(B) + B (1)
From those equations it is found that
o= (v/e)(vBr) [l + 1/m]l/(L + v/x)
b= —vf[1 + 1/m] (12)

Table 1 Tabulated equilibrium solutions of the
incompressible turbulent energy equation

[ar = 0]
Br —0.4 0.0 0.5 1.0 2.0 4.0 10.0
Ay 8.59 —0.17 —3.08 —4.59 —6.34 —8.21 —10.76
Iy, 13.25 6.35 4.56 3.78 3.00 2.33 1.64
I} 3.51 0.99 0.55 0.38 0.24 0.15 0.07
) S ] S S S S S
0.0001 29.06 20.29 17.39 15.88 14.12 12.25 9.71
0.0002 27.52 18.75 15.85 14.34 12.59 10.73 8.22
0.0005 25.48 16.72 13.81 12.31 10.58 8.74 6.33
0.0010 23.93 15.18 12.28 10.79 9.07 7.28 5.00
0.0020 22.38 13.64 10.76 9.28 7.61 5.89 3.82
0.0050 20.32 11.60 8.77 7.3¢ 5.76 4.22 2.55
0.0100 18.73 10.06 7.30 5.94 4.48 3.15 1.82
0.0200 17.11 8.54 5.89 4.64 3.36 2.27 1.25
0.0300 16.13 7.65 5.10 3.94 2.79 1.80 0.83
0.0400 15.41 7.01 4.56 3.44 2.32 1.37 0.50
0.0500 14.84 6.50 4.07 2.97 1.89 1.00 0.27
0.0600 14.30 5.98 3.59 2.53 1.50 0.70 0.13
0.0700 13.75 549 3.4 2.12 1.17  0.47 0.05
0.0800 13.22 5.01 2.72 1.75 0.88 0.30 0.02
0.0900 12.68 4.55 2.34 1.43 0.65 0.18 0.01
0.1000 12.16 4.11 1.98 1.14 0.46 0.10 0.00
0.1200 11.13 3.30 1.38 0.70 0.22 0.03
0.1400 10.13 2.59 0.92 0.40 0.09 0.01
0.1600 9.18 1.99 0.59 0.21 0.03 0.00
0.1800 8.26 1.49 0.36 0.10 0.01
0.2000 7.41 1.09 0.21 0.05 0.00
0.2500 548 045 0.04 0.00
0.3000 3.91 0.16 0.01
0.3500 2.68 0.05 0.00
0.4000 1.77  0.01
0.4500 1.12 0.00
0.5000 0.68
0.6000 0.22
0.7000 0.06
0.8000 0.01
0.9000 0.00
‘0 =f8° Sf’dn

vr, S5 san
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where
Brll + 1/m] = —(1 + v/5)[1 + 267 —
YGBrl/IL — vG + (v*Q/%)]
In order to determine an expression for the parameter ¢ (the
rate of change of the heat flux coefficient, 4) it is necessary to
determine an expression for a local heat flux law similar to

Eq. (11). The enthalpy distribution in the turbulent wall
region can be obtained by integrating Eq. (3) from the edge of

the laminar sublayer assuming that ¢ = ¢, = constant,
e = w0y?Ou/dyl and du/dy = w,/xy; thusyielding
(h = ho)/he = (1/33) In(yu-/v) + Bs (13)

By matching Eq. (13) with the constant pressure, constant
wall temperature data of Reynolds, Kays, and Kline? in the
turbulent wall region (see Fig. 1), the unknown constants
appearing therein are found to be »; = 0.45, By = 3.35. The
deviation in the wake region is contained in the defect solution
of Eq. (9).

For small », the defect solution has the form

S = —'(1/%;.) 1117] + A (14)

If we now assume the existence of an overlap region where 4 is
described equally well by Eqs. (13) and (14), these equations
may be added to give the local heat transfer law

(he = hw)/hr = (1/%) In(Aur/v) + An+ Bx  (15)

Comparing Egs. (15) and (11) we find the following relation
between the Stanton number, Cx = g¢u/pu. (ho — k), and
the skin friction coefficient, Cy, which may be thought of as a
modified form of Reynolds analogy

1/6{ = C;/2CH = J(/}th + (0,/2)1/2[(1‘1}; - %A/Jt;.) +
(B}. - KB/}(};)] (16)

Table 2 Tabulated equilibrium solutions of the
incompressible turbulent energy equation

[Br = 0]

ar -3.0 —2.0 —1.0 0.5 1.5 2.5

A, —6.52 —5.54 —3.90 3.93 20.03 41.82

I 2.05 2.60 3.66 9.49 22.22 39.61

I, 0.24 0.33 0.51 1.59 4.08 7.50

] S S S S S S
0.0001 13.95 14.92 16.57 24.40 40.49 62.29
0.0002 12.41 13.39 15.03 22.85 38.95 60.74
0.0005 10.39 11.36 13.00 20.82 36.91 58.69
0.0010 8.87 9.83 11.47 19.27 35.35 57.11
0.0020 7.38 8.33 9.94 17.72 33.77 55.51
0.0050 5.46 6.38 7.96 15.66 31.62 53.25
0.0100 4.11 4,98 6.50 14.07 29.87 51.31
0.0200 2.89 3.70 5.11 12.43 27.90 48.93
0.0300 2.27 3.00 4.34¢ 11.44 26.57 47.17
0.0400 1.88 2.56 3.83 10.71 25.50 45.66
0.0500 1.60 2.23 3.43 10.07 24.50 44.17
0.0600 1.35 1.93 3.06 9.44 23.41 42.50
0.0700 1.13 1.66 2.71 8.80 22.25 40.66
0.0800 0.95 1.42 2.39 8.16 21.03 38.68
0.0900 0.79 1.22 2.10 7.52 19.76 36.57
0.1000 0.65 1.03 1.84 6.90 18.46 34.37
0.1200 0.44 0.73 1.38 5.71 15.82 29.80
0.1400 0.29 0.51 1.02 4.62 13.23 25.18
0.1600 0.19 0.35 0.74 3.65 10.78 20.73
0.1800 0.12 0.23 0.52 2.81 8.56 16.60
0.2000 0.08 0.15 0.36 2.11 6.61 12.94
0.2500 0.02 0.05 0.13 0.92 3.07 6.14
0.3000 0.01 0.01 0.04 0.34 1.20 2.43
0.3500 0.00 0.00 0.01 0.11 0.39 0.81
0.4000 0.00 0.03 0.11 0.22
0.4500 0.01 0.02 0.05
0.5000 0.00 0.00 0.01
0.6000 0.00
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Fig. 2 Incompressible turbulent enthalpy profile defect
solutions.

It is noted that if the turbulent Prandtl number is unity, i.e.,
€x = ¢, and if the wall pressure and temperature are constant,
then », = %, A, = A, By = B, and hence the basic form of
Reynolds analogy is recovered, i.e., Cx = Cy/2.

The parameter, ¢ = (A/v:)(dvs/dx), appearing in Eq. (9)

.may be obtained by differentiating Eq. (15), and employing

the modified form of Reynolds analogy, Eq. (16). A ferm pro-
portional to the rate of change of the wall temperature appears
in this expression. Defining an equilibrium wall temperature
parameter ar = — pud*(dhw/dx)/qw, we find that

¢ = {raar + ¥Br(l + 1/m][L + v/kl}/{x[1/y — (4 +
B)1+ x [Axt Bil} (A7)

In order to obtain similarity solutions of Eq. (9), we require
that Br, ar, and v be constants independent of z.1

Numerical Solutions and Comparisons with Data

A fourth-order Adams-Moulton numerical integration
scheme with a fourth-order Runge-Kutta starter was used to
integrate Eq. (9) subject to the boundary conditions of
Eq. (10). A Newton-Raphson iteration procedure was em-
ployed to determine the correct value of S near the wall,
S(e), [¢e = 10~4] such that S vanishes as n — . A simul-
taneous solution of Mellor and Gibson’s momentum equation
[Eq. (14) of Ref. 3} using the above numerical scheme was
also obtained in order to provide appropriate values of f/(7)
for the energy equation solution. Numerical solutions for
S(n) were obtained for Rs;+ = 10° and values of ar and Br in
the range: —38 < ar < 2.5, —.4 < Br < 10. These solu-
tions are tabulated in Tables 1 and 2 and they are shown
plotted in Fig. 2.

The value of the outer wake eddy conductivity constant,
K, was determined by comparing several solutions for the
enthalpy profile with the constant pressure outer wake data
of Reynolds, Kays, and Kline® at two. different Reynolds
numbers (see Fig. 1). A value of K, = 0.018 appears to give

1 Mellor and Gibson pointed out that neglecting the variation
of f" with v introduces an error of less than 0.1% in the solutions
for the velocity defect profile. A similarly small error is expected
in the enthalpy profile solution.
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Fig. 3 Effect of pressure gradient parameter, Gr, on
turbulent enthalpy profiles, including the laminar sub-
layer. Comparison with Bell’s data (Ref. 9).

the best fit. This constant, along with those previously de-
termined (s and Bs), was used in the calculation of all the
equilibrium enthalpy solutions.

In Fig. 3, theoretical solutions for the enthalpy defect
parameter S8 = (he — h)/h,, for the cases 8 = 0 and 8 = 2,
are favorably compared with the data of Bell® for both con-
stant pressure and adverse pressure gradient flows. In
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Bell’s Series E experiment, boundary layer surveys of total
pressure and temperature were made on a heated flat plate in
a moderate positive pressure gradient. - While the pressure
gradient parameter Sr increased along the plate, through the
Series E run, Br only varied between 0.9 and 2.88, in a dis-
tance of about 30 boundary layer thicknesses. Thus the
average experimental value of 87 up to the z = 3.275-ft.
station was approximately 2.0. The comparison in Fig. 3 is
between. a Br = 2.0 theoretical solution and the measured
profile at the 3.275-ft. station. The comparison with the
Series E data illustrates two basic features of enthalpy pro-
files in adverse pressure gradients which are readily given by
the theory. First, the wake portion of the 87 = 2 enthalpy
profile has a negative strength as compared with the 8y = 0
solution; i.e., the value of A+ in the outer layer is below that
given by the enthalpy law of the wall, Eq. (13). Second, the
outer defect solution only matches with the law of the wall
solution at a small value of y* (=~15), approaching the joining
point with the laminar sublayer solution. Thus in large
adverse pressure gradient flows a law of the wall region for
enthalpy profiles will be difficult, if not impossible, to find.

The effect of pressure gradient on the turbulent heat flux
distribution is shown in Fig. 4a for the case of constant wall
temperature (ar = 0); ¢/g. = —®,8’ is plotted vs the
similarity distance parameter, . While the heat flux pro-
files have a nearly identical shape for the case of ar = 0, (see
Fig. 42) it is demonstrated in Fig. 4b that wall temperature

Fig. 4 Turbulent heat flux distribu-
tions.

1.2 Br=0
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variations can have an important effect on the boundary layer
heat flux distribution.

For the case ar = 0, ¢/g. remains nearly equal to unity for
values of 7 <0.03. Positive values of ar correspond to the
case of decreasing wall temperatures (provided that h. >
h.). Temperatures away from the wall tend to be higher than
for the constant temperature case, thus decreasing the tem-
perature gradients near the wall and hence decreasing the
wall heat flux. Away from the wall, the temperature gradi-
ents are more like those of the constant wall temperature case,
hence the heat flux away from the wall tends to be higher than
that at the wall. Thus, ¢/¢. can reach a maximum at some
distance 1 away from the wall, as is shown for the case of
ar = 0.5. Negative values of ar correspond to wall tem-
peratures increasing with z; hence higher wall heat fluxes
relative to the constant wall temperature case. Because the
heat fluxes in the central part of the layer are nearly equal to
those for the ar = 0 case, ¢/q. drops off more rapidly than for
the ar = 0 problem.

These wall heat transfer trends are made more evident in
Fig. 5 where the Reynolds analogy parameter, (® = 2Cx/Cy),
given by Eq. (16), is plotted as a function of the wall tem-
perature parameter, ar. One notes that as ar increases, &
decreases, indicating a drop in wall heat transfer. In fact,
if ar is increased to a large enough value, Cyx tends toward
zero. This phenomenon is analogous to the effect of in-
creasing Br, and noting that the skin friction coefficient, C;,
goes to zero.

Also shown in Fig. 5 is the effect of the pressure gradient
parameter, 37 on ®. One finds that ® — « as 8 - «,
indicating that while the skin friction may vanish, Cu re-
mains finite. A careful note should be made of the strong
effect of pressure gradient on the Reynolds analogy parameter.
If one were to use the assumption that ® =~ 1.1 for all pressure
gradient flows, it is evident from Fig. 5 that one might over-
estimate Cz by as much as 25%, for expanding flows, and
underestimate Cx by 50~609, for moderate equilibrium com-
pressive flows.

Values of Stanton number and skin friction coefficient de-
duced from the heated adverse pressure gradient measure-
ments of Bell are combined to produce the Reynolds analogy
parameter data plotted in Fig. 5 as a function of Br. The
initial flow entering Bell’s adverse gradient test region was a
constant pressure turbulent boundary layer. Since 8r was
rapidly increased to a value of 0.89 at the first measuring
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Fig. 6 Effect of pressure gradient parameter on incom-
pressible turbulent enthalpy profiles; comparison with
trend of supersonic expansive flow data.l=?

station, the value of ® tended to remain at first at the flat
plate value. However, with the continued increase in Br,
the Reynolds analogy parameter quickly increased. It is
seen that the data closely follows the curve given by the
theory for a family of locally similar flows.

Tetervin® has recently performed an approximate calcula-
tion of the effect of pressure gradient on ®, in which the
turbulent shear and heat flux profiles throughout the bound-
ary layer are represented by simple polynomials. His
approximate solution (with the Colburn correction for Prandtl
number) is compared with the present similarity solution in
Fig. 5. One notes that both the approximate and similarity
solutions yield nearly equal values for & in the case of flat
plate flows, but that Tetervin’s solution is seen to predict
somewhat larger values of ® than those given by the simi-
larity solution when Br > 0. Tetervin has indicated that his
solutions may be partially in error due to his assumption of
equal thermal and velocity boundary layer thickness (8, = 8).
The present similarity solutions indicate that 8,/6 =~ 0.7 for
Br S 3.0.

Some evidence of the inapplicability of the Crocco tem-
perature relation, (b — hv)/(he — hw) = u/u., for noncon-
stant pressure flows is seen by examination of Fig. 6, where
(h — hw)/(he — hy)(determined from the similarity solutions)
is plotted against the velocity ratio u/u.. Note that in these
coordinates the laminar sublayer represents a significant
portion of the A — u profile; approximated by an inner linear
region of slope ®Pr which extends out to a u/u, of about 0.3.
For the case Br = 0, the calculated profile agrees fairly well
with the Croceo relation. On the other hand, when 8r < 0
(corresponding to an expanding flow, dP/dz < 0), the calcu-
lated enthalpy profile falls rapidly below the Crocco solution.
This is the same behavior that experimentalists’-2 have found
in high~speed flows along nozzle walls when boundary layer
total enthalpy data is plotted in the form (H — Hy)/(H. —
H.) vs u/u,. It was found that the trend of the data can be
approximated by a quadratic formula of the form (H —
H,)/(H., — Hy,) = (u/u)? A plot of this equation is pre-
sented in Fig. 6 for comparison with the low-speed solution.
Although it is not possible to directly relate the low-speed
solution to the supersonic domain, it is evident that pressure
gradients can play an important effect on boundary layer
enthalpy profiles. Even if measurements of enthalpy pro-
files are made in a region where the pressure gradient is
locally equal to zero, the effect of upstream “mean’” flow
history can maintain the profiles at their dP/dx < 0 shapes for
a considerable distance downstream of the end of the expan-
sion region. This effect is similar to that noted in turbulent
velocity profiles when the pressure gradient is suddenly
changed to zero. The velocity profiles retain their upstream
character for a distance equal to many boundary layer thick-
nesses downstream of the beginning of the dP/dx = 0 regime
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and only slowly relax to their flat plate shape. The velocity
relaxation effect can be calculated using an integral method
(e.g., Ref. 10) in which the velocity profiles are unhooked from
the local pressure gradient. Likewise, the effect of relaxing
enthalpy profiles can be calculated in a similar manner by
“unhooking” the enthalpy profiles from the local value of
Br (or ar) and making them a function of an appropriate
shape parameter, e.g.,
I 2= .fO Sdn

Conclusions

A family of incompressible equilibrium enthalpy profiles
were obtained by integrating the thermal energy equation
using a Prandtl-Clauser-like eddy conductivity model
(k» = 0.45, K, = 0.018). By matching the outer defect
solution with the enthalpy law of the wall (Bs = 3.35), an
analytical expression was obtained for a local heat transfer
law, which allows the calculation of the Reynolds analogy
factor for similar (or loeally similar) flows for nonzero pressure
and wall temperature gradients. The good comparison of the
enthalpy and heat transfer data of Bell with the present theory
indicates that adverse pressure gradient flows have negative
wakes and only a small region of overlap of the outer defect
solution with the enthalpy law of the wall. The Reynolds
analogy factor ® is shown to increase rapidly for flows with
increasing values of the pressure gradient parameter Br.
It was further shown that strong favorable pressure gradients
can produce the same deviation of A4 vs u profiles from the
Crocco integral as found by experimentalists in high-speed
flow along nozzle walls.

Finally, the two parameter enthalpy profile family, pre-
sented herein, in conjunction with the integrated thermal
energy equation, and the local heat transfer law, Eq. (16),
will make it relatively easy to solve for the development of the
heat transfer coefficient, Cx, subject to arbitrary wall tem-
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perature and pressure variations in incompressible turbulent
flow.
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